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Continuity and density results 
for a one-phase nonlocal free boundary problem* 

Serena Dipierro^and Enrico Valdinoci^ 


Abstract 

We consider a one-phase nonlocal free boundary problem obtained by the superposition of a fractional Dirich- 
let energy plus a nonlocal perimeter functional. We prove that the minimizers are Holder continuous and the 
free boundary has positive density from both sides. 

For this, we also introduce a new notion of fractional harmonic replacement in the extended variables and 
we study its basic properties. 
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1 Introduction 


The recent research has payed a great attention to a class of nonlocal problems arising in both pure and applied 
mathematics. A natural setting in which nonlocal questions arise is given by the class of free boundary problems. 
Roughly speaking, many free boundary problems are built by the competition of two (or more) competing terms: 
for instance, an elastic (or ferromagnetic) energy can be combined with a tension effect (in this setting, the 
ferromagnetic energy favors the preservation of the values of a state parameter u, while the tension effect tends to 
make the interface given by the level sets of u as small as possible). 

In order to take into account possible long-range interactions, some nonlocal energies have been considered in 
these types of free boundary problems. In particular, in [T3], a new energy functional was considered, as the sum 
of a fractional Dirichlet energy, with fractional exponent s E (0,1), and a fractional perimeter, with fractional 
exponent a E (0,1). When s —)• 1, and when cj —>■ 0 or cj ^ 1, the energy functional becomes the classical free 
boundary energy considered in mum- An intermediate problem, with a local Dirichlet energy plus a fractional 
perimeter has been studied in [6]. 

Some results of classical flavor have been proved in m, such as, among the others 0 a monotonicity formula 
for the minimizers, some glueing lemmata, some uniform energy bounds, convergence results, a regularity theory 
for the planar cones and a trivialization result for the flat case. On the other hand, in m no result was proved 
concerning the regularity of the minimizers and the density properties of the free boundary. These type of results 
are indeed quite hard to obtain, due to the strong nonlocal feature of the problem: for instance, differently from the 
classical case, the nonlocal Dirichlet energy provides nontrivial interactions between the positivity and negativity 
sets of the functions, and a local modification of the free boundary produces global consequences in the fractional 
perimeter. 

Goal of this paper is then to provide regularity and density results, at least in the case of the one-phase problem 
(i.e. when the boundary data are nonnegative). 

The mathematical setting in which we work is the following. Let s, a E (0,1), and D C M"' be a bounded 
domain with Lipschitz boundary. Following m, we define 

^n{u,E) := dxdy + Fev^{E,n), 

where 

Qn := (D X D) U ((M” \ D) x D) U (D x (M*" \ D)) 

and Pera{E,Q) denotes the fractional perimeter of Fi in D (see [5] or formulas (1.2) and (1.3) in |14ji. that is 

Pei^{E, n) := L{E f\PL,PL\E) + L{E n D, (R'^ \E)\n)+ L{E \ D, D \ E), (1.1) 


where, for any disjoint sets A, B C R'^, 


L{A,B) 



dx dy 

X - y\n+a- 


All sets and functions are implicitly assumed to be measurable from now on. 

Let E C R"" and u : R” —)■ R. We say that {u, E) is an admissible pair if u ^ 0 a.e. in E and u ^ 0 a.e. 
in R"’ \ E. 

Also, we say that (u, E) is a minimizing pair in D if E) < -|-oo and 


^n{u, E) ^ E) 


for any admissible pair {v,E) such that: 

^We take this opportunity to amend some minor inconsistencies in [Hi- 

First of all, in Theorem 1.2 and in Lemma 8.3, the condition “Um is the extension of Um" has to be intended “Um is the extension 
of e CfR")”. 

Then, in the statement of Lemma 3.2 “if u € C(K")” has to be placed in the beginning, and in the proof of Lemma 3.2 the 
expression “ min u” needs to be replaced by “ min u". 

Bt(xo) Br(xo) 
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• u — V £ 

• u = V a.e. in M” \ 0, and 


• E\n = F\n. 

Roughly speaking, a pair (u, E) is admissible if E is the positivity set of u, and it is minimizing if it has minimal 
energy among all the possible competing admissible pairs that coincide outside O. For the existence of minimizing 
pairs see Lemma 3.1 in |14j . 

We remark that this minimizing problem is nontrivial even in the one-phase case, i.e. when the boundary 
datum u is nonnegative, since the set E is not necessarily trivially prescribed outside fl. 

In this setting, our main result is the following: 

Theorem 1.1 (Density estimates and continuity for one-phase minimizers). Assume that {u,E) is minimizing 
in Bi, with Q a.e. in M” \ Bi and 0 E dE. Assume also that 



Hx)\ 

1 


dx ^ A, 


for some A > 0. 

Then, there exist c, K > 0, possibly depending on n, s, a and A, such that for any r E (0,1/2], 

min n Fll, ^ cr” 


( 1 . 2 ) 


(1.3) 


and 

II^I|l°°(Bi/2) ^ (1-4) 

In addition, if s > (t/2, then, given tq E (0,1/4), 

u E (^^“^(Rro); with \\u\\^s-^ ^ c, (1.5) 

where C > 0 possibly depends on n, s, a, tq and A. 

We observe that both the growth condition (jl.2p and the Holder exponent in (II.5h are compatible with the 
degree of homogeneity of the minimizing cones, see Theorem 1.3 of M- Condition m is also a standard 
assumption to make sense of the fractional Laplace operator (though some very recent developments in |15] may 
also allow more general notions of suitable fractional Laplace operators for functions with more severe growth at 
infinity). 

It is an open problem to investigate the optimal regularity of the solution (which could be possibly beyond 
the scaling arguments) and to classify (or trivialize) the minimizing cones: see also [6l |T3] for partial results and 
additional comments on these problems. 

It is also an interesting question to study this type of free boundary problems for more general fractional 
operators (see e.g. [221 HI] for a classical counterpart). 


The rest of the paper is organized as follows. In Section [2] we introduce an extension problem which is useful 
to localize the Dirichlet energy (using a weighted space with an additional variable). This extended problem 
is different than the one considered in m since here the fractional perimeter functional is not modified by the 
extension procedure. 

In Section [3l we introduce a fractional harmonic replacement in this weighed extended space. Fractional 
harmonic replacements are of course a classical topic in harmonic analysis and they have several applications 
to free boundary problems, see e.g. PE] and the references therein. In the literature, a fractional harmonic 
replacement was also studied in US). The setting of m is different than the one considered in Section [3] of this 
paper, since here we deal with the extended space and, in Section P we obtain localized energy estimates in the 
extended variable. These energy estimates play a crucial role in our subsequent density estimates (as a matter 
of fact, both the replacement of m and the one of Section [3] here will be used in this paper to prove density 
estimates from both sides). 
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In Section [5] we prove the density estimates. First we prove the density of the vanishing set around free 
boundary points, together with a uniform estimate on the size of the solution. Then we use this information 
to obtain density estimates of the positivity set as well, which completes the proof of the double-sided density 
estimate in (jl.3j) . 

By combining the density estimates with the uniform bound on the solution, one also obtains continuity of the 
minimizers, as claimed in (II.5h . 


2 An extended problem 


In this section we introduce an extension problem in order to localize the Dirichlet energy, by adding one variable 
(see [7]). 

We use the following setting. We consider variables x E M” and z E M, and we use the notation X := (x, z) E 
We consider the halfspace := x (0,-|-oo). The n-dimensional ball centered at 0 E M” and of 

radius r > 0 is denoted by By. 

Given u : M” —)• M, for any (x, z) E we define 


m(x, z) 


/r- (|y|2 


u{x — y) 

r> \ n-\- 2 s 


dy 



u{y) 

IQ Q \ 

— yp + z^) 2 


dy, 


( 2 . 1 ) 


see e.g. [7j, in particular Section 2.4 there (notice that in [7j in the definition of the extension function u there is 
also a normalizing constant, that we neglect here, since it will not play any role in our problem). 

Next result states that if (u, E) is a minimal pair, then (u, E) is minimal for an extended problem: 

Lemma 2.1. Let {u,E) be a minimizing pair in B^. Let he a bounded and Lipschitz domain that is 

symmetric with respect to the z-coordinate, such that 


Then 


^ n{z = 0} C Br X { 0 }. 

[ \z\<^\Vu\‘^dX+ Fer^{E,Br) [ \z\'^\Vv\‘^ dX+ Fer^{F, Br), 
J‘W J‘W 


lor every {v, E) such that: 

• F \ Bt = E \ Bf, 

• V — u is compactly supported inside ^, 

• i;(x,0) ^ 0 a.e. x E T, 

• v{x, 0) ^ 0 a.e. X E M" \ F. 

Proof. We take {u,E) and {v,F) as in the statement of Lemma l2.1l and we define v{x) := i;(x,0), for any x E 
Notice that (M” \ Br) x {0} C \ ^ , therefore v{x) = 'u(x,0) = ?l(x,0) = u{x) for a.e. x E M” \ Br- In 
addition, v ^ 0 a.e. on E and x ^ 0 a.e. on M" \ E. Therefore, the pair (x, E) is an admissible competitor 
for (u, E) and so, by the minimality of {u, E), we have that 


|x(x) - x(y)p 


dx dy — 


|x(x) - x(y)p 


dx dy 


'Qb, |x-y|^+2* \x-y\n+2s 

= ^Br{v, F) - ^Briu, E) - Per^(F, Br) + Fej:^{E, Br) 
^ -Percr(F, Br) + Percr(F, Br). 

On the other hand, by Lemma 7.2 of [5], up to a normalizing constant, we have that 


( 2 . 2 ) 


|x(x) - x(y)|" 


dx dy — 


|x(x) - x(y)|^ 


|x-y|n+ 2 s |x - y|-+2^ 

= inf / |z|“(|VFp - |Vx|2) dX, 


dx dy 




where the infimum above is taken over all the couples {w, LF) satisfying the following properties: 
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• is a bounded and Lipschitz domain of that is symmetric with respect to the ^-coordinate, such that 

r]{z = 0} C Br X {0}, 

• w — u is compactly supported inside W, 

• 'w{x,0) = v{x) for any x E M”. 

By construction, we can take w := v and 'W \= as candidates in the above infimum, and consequently 


\v{x) - u(y)|" 


dx dy — 


QSr 


« J _ y\n+2s 


|u(x) - u(7/)p 


dx dy 


[ |z|“(|Vi}|2 - |Vm| 2) dX 
J‘W 


This and (12.2p give that 


that is the desired result. 


[ |zr(|Vi}|2 - |Vu|2) dX ^ -Fei„iF,Br)+FeT^{E,Br), 


□ 


3 Fractional harmonic replacements in the extended variables 

Goal of this section is to introduce a notion of fractional harmonic replacement in the extended variables and study 
its basic properties. In the classical case, a detailed study of the harmonic replacement was performed in PE]. 
See also HH for the study of a related (but different) fractional harmonic replacement. 

We set 

■= Bbt X (—r, r). (3-1) 

It worth to link the norm in for the extended function with the one on the trace, as pointed out by the following 
result: 

Lemma 3.1. Let u and u be as in m- There exists Cr > 0 such that 

Wiy)\ 


\u\\l° 


r) ^ Cr ||u|hoo( 5 ^) + / 

y JR’ 


dy 


’\Br / 

Proof. Let (x, z) E ^r- Then x G B 9r and \z\ ^ r. Therefore, if y E M” \ Br, we have that 


I 1^11 II \y\ , 9|y| |y| 9r 9r |y| 

I y\ ^ \y\ I I 10 ^ 10 ' ' ^ 10 10 10 10 


Hence, if y E \ 


12s 


u{y)\ 


^ |u(y)| ^ ^ |u(y)| 


(|x —yp-l-z^) "2 k y|’^+2^ 
for some Cr > 0. As a consequence 

\u{y)\ 


I 

JR’ 


n+2s ^y ^ Cr I 
\Br (|x — yp + z‘^)^~ JR’’\B, 


|y|n-|-2s ’ 

\u{y)\ 

|y|n-|-2s 


dy. 


Moreover, 


L 


^1 \uiy)\ 


Br (|x - yp -h z"^)' 


dy ^ 11^11^00(5^) / 

2 Je 


1 2s 


Br (|x — yp -I- "2 


^ kt 


L°°{Br) 


I 

jR’ 


1 2s 


n+2s dy — C ||u||l,<oo(5^). 


(3.2) 


(|x — yp + z^) 2 

for some C > 0. The latter estimate and (j3.2l) imply the desired result, up to renaming the constants. 


□ 
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3.1 Functional spaces 

Given r > 0, we consider the seminorm 


y J^r 


dX, 


with a := 1 — 2s G (—1, !)• We denote by the closure of C°°{^r) with respect to the norm 

M\m-{3Sr) ■= ^ \z\<^\v\‘^ dX. 

We also set M.Q(^r) to be the closure of C^{^r) with respect to the norm above. 

For completeness, we point out that the seminorm i® indeed a norm on EIg(,^r): 


Lemma 3.2. //u G EIg(.^r) and [u] 


= 0 then V = 0 a. e. in 


Proof. Let Vk G be such that \\vk — ^ 0 as A; —>■ +oo. Up to subsequences, we may suppose that 

Vk ^ V a.e. in ^r- (3.3) 

Also, by Proposition 2 . 1.1 in | 12 ] . 

j_ 

27 




for some 7 > 1 and S' > 0. Therefore 


= S[Vk — —)• 0 

as k ^ + 00 . This implies that —>• 0 a.e. in tddr, up to subsequences, and therefore u = 0 a.e. in thanks 
to ()3.3p . □ 


Given ip G we define 


;= {v G s.t. v-cpe Hg(^i)}. 


Now we observe that functions in possess a trace along {z = 0}. The expert reader may skip this part and go 
directly to formula (13.61) . To give an elementary proof of this fact (which is rather well known in general, see e.g. 
Lemma 3.1 of |23] or the references therein), we make this preliminary observation: 

Lemma 3.3. For any v G C^{^r) o,nd any x G we define Ty{x) := u(x,0). Then, there exists C > 0 such 
that 


Proof. For any x E 

10 


\Ty{x)\ = |u(x,0) - v{x,r)\ 


pr pr 

^ / \dzv{x,z)\dz ^ / \z\~"2\z\i\Vv{x,z)\dz. 

JO JO 

So, by Gauchy-Schwarz inequality, for any x G 

10 

pr pr pr 

|lij(a^)|^ ^ / \z\~°'dz / Izl'^lXv^x, z)\'^ dz = C / \z\°'\Vv{x,z)\'^ dz. 
JO JO JO 

Hence we integrate over x G B^ and the desired result easily follows. 
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Now, for any w E E[g(^r), we know from the definition of EIg(.^r) that there exists a sequence of functions Wk E 
such that ||rc — —>• 0 as /c ^ +oo. By Lemma [T3l we have that 

Twk-wh{x) = Wk{x,0) - Wh{x,0) = T^^{x) - 


and so 

W^Wk ~ ^ 

This means that the sequence is Cauchy in hence it converges to some function, denoted as 

in which we call the trace of w along {z = 0}. Of course, the trace Ty^ is defined up to sets of zero 

n-dimensional Lebesgue measure, and a different approximating sequence does produce the same trace: to check 
this, take an approximating sequence Wk and use again Lemma I, ‘1.31 to see that 

\\Tw^, - Ty,J\L2(^BQy/io) ^ C\\Wk - Wk\\M‘{.^r) 

^ C\\wk - + C\\wk - wW^s^gg^y 

hence Ty,^ and have the same limit in L?‘{B^yiiQ). 

Our next goal is to show that we can trace also (p E along Bg/^Q. This is not completely obvious 

since p 0 EIg(,^ 2 )) so the above construction does not apply. For this, we observe that: 

Lemma 3.4. If pi, P 2 E IF{3^2) o.nd pi = p 2 a.e. in .^ 5 / 4 , then . 

Proof. Let v E Then v — pi G ]HIg(,^i). Hence there exists a sequence Wk E such that ||u — <y 9 i — 

'Wk\\m‘‘{^i) -^0 as + 00 . Since pi = p 2 a.e. in .^ 5 / 4 , we have that ||u - pi - Wk\\m‘>{i^i) = 11^ “¥^2 - w'fc||H'>(^i)- 
As a consequence, ||u — P 2 — Wk\\m‘‘{sSi) —>■ 0 as A: —>■ + 00 , which shows that v E 

The reverse inclusion is completely analogous. □ 

Now, given p E ]HI®(=^ 2 ), we can take r E C'^(,^ 3 / 2 ) with r = 1 in .^ 5/4 and consider po := rp. By the 

trace construction in BIq(,^ 2 ), we can define the trace as a function in ( 52 . 9 / 10 ). So we define the trace 

of p in Bg/io as := T<^^. By construction, T^, E Lf‘{Bgiig). Next observation shows that this definition is 
independent on the particular cut-off chosen: 

Lemma 3.5. If pi, P 2 G M.g{^I^ 2 ), with pi = p 2 a.e. in .^ 5 / 4 , then a.e. in Bg/ig. 

Proof. By construction, for any i G {1,2}, there are sequences pi^k £ C^i^ 2 ) such that \\pi — Pi,k\\m‘’{^ 2 ) ^ 

as A; —>■ + 00 . Let 0 E with 0 = 1 in I^wjxg. Let also 

Ip\,k '■= Pl,k + 0 (V^ 2 ,fc — Pl,k)- 

We claim that 

lim \\pi - pi,k\\m={^ 2 ) = 0. (3.4) 

fc^ + OO 

To prove this, we observe that 

\Pl - Pl,k? = \P1 - Pl,k - &{P2,k - Pl,k)\'^ 

^ C{\pi - piy\^ + \Q\^\p2,k - Pl,k?‘'^ 

^ c{\pi — Pl,k\^ + +X^f,/f\P2,k — , 

up to renaming C > 0. Hence, since pi = p 2 a.e. in ,^^ 5 / 4 , 

X3g^/^P2,k - Pl,k? = XSS^/ 4 \P 2 ,k - P 2 + PI- Pl,k?■ 

Therefore 

Iv^l - PXk? ^ c{\pi - Pyk? + \P2,k - 

As a consequence, 

lim [ \z\°-\pi - pyk\‘^ dX = 0. (3.5) 

k ^+00 J 
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Moreover, we observe that 


|V((/9i - = |V((^1 - (pi^k) - V(0((/?2,fc - ^I,k))\^ 

^ C{\V{ipi - + |V0| V2,fc - + |0P|V(<^2,A: - ^l,k)\^) 

< + X^5/4\^n/iol'^2,fc - + X^5/4l^(‘^2,fc - 

up to renaming C > 0. Hence, since ipi = (^2 a-e. in .^ 5 / 4 , 

X^5/4\j^n/iol¥’2,fc - = Xj^5/4\j^n/iol‘^2,fc “ V^2 + 

and 

X^5/4l^(‘/^2,fc - ^l,k)f = x^5/4l^(v^2,fc - ¥?2 + (/?! - ¥?l,fc)P- 

Therefore 


|V((^i - (pi,k)\‘^ 


^ c 


— <^l,fc)p + \^2,k — </52p + Wl — <fl,k\^ 

+ |V((^2,fc ~ ¥^ 2 ) 1 ^ + — </2l,fc)|^ 


which, after an integration, implies that 


lim / \z\°-\S/{^pi-(pi^k)?'dX = Q. 

k ^+00 

This and (jd.Sp give (j 3 . 4 p . 

With this, and setting (p2,k ■= ^2,k, we have that (pi^k £ C^{^2), W'pi — ^i,k\\m‘’{SS2) —>• 0 as /c —>■ +00, and, 
additionally, if W G =^11/10 then 

Vl,k{X) = (p2,k{X). 

Since T^p^ is the limit in LP‘{B2.{q/iq)) (and so a.e. in -62.(9/10), up to subsequences) of ^ as k ^ +00, we have, 
for a.e. x G 69/10 C .^n/io 0(2: = 0 }, 


T^j^{x) = lim r<^j^(x)= lim (pi^k{x, 0 ) 

/c^+oo ’ fc—>-+oo 

= lim <^2,fc(a:,0)= lim ^(x) = T^^ix), 

/c—>-+oo /c—>-+oo ’ 


as desired. □ 

Having defined for any w G and for any ip G M^{^2), we now define the trace of any function v G 

by setting 

Ty := Ty-^ + Tip. 

To simplify the notation, given a set K C ^1 Ci {z = 0 }, we say that u = 0 a.e. in K to mean that Ty = 0 a.e. 
in K (i.e. u(x, 0 ) = 0 for a.e. x G .6, in the sense of traces). We set 

^ ^ = 0 ™ ^}- ( 3 - 6 ) 

In some intermediate results, we also need a slightly more general definition in which the values attained at K are 
not necessarily zero. For this, given 7 : 61 —)> R, we also define 

^K'y •” ^ ^ = 7 a.e. in 61 }. ( 3 . 7 ) 

Notice that ^ reduces to when 7 = 0. The functional structure of ^ that is needed for our purposes is 
given by the following result: 


Lemma 3.6. Let Wj G ^^7 such that 


\ / dX < + 00 . 

Then there exists w G ^ such that, up to a subsequence, 


sup 
ieN J^i 


lim 

j^+CXD _ 


\z\°'\w — Wj\^ dX = 0 


and, for any cf G 


lim 

j ^+00 ^ 


\z\^Vwj-Vcl)dX = / \z\^VwV(l)dX. 


(3.8) 


(3.9) 


Proof. First, we use Lemma 2.1.2 in m and we obtain that there exists w (with finite weighted Lebesgue norm) 
such that (j3.8p holds true. Then, by Theorem 1.31 in [19], we obtain ()3.9p . It remains to show that 


w G 


K,-y 


(3.10) 


To this goal, we first observe that ]HIg(,^i) is closed (with respect to || • ||h»(^i)) and convex. Hence is also closed 
and convex, and then so is .y Therefore (|3.10l) follows from (|3.8p . (13.911 and Theorem 1.30 in [19] (applied here 
with := 

Now we define 


□ 


^{v)-.= [ \z\'^\Vv\‘^dX. 


Then we have: 

Theorem 3.7. Assume that 


^1,7 ^ 


(3.11) 


Then there exists a unique ^ G such that 




'' K,'y 


In particular, taking 7 = 0, we have that if / 0 then there exists a unique G such that 


= min S‘{v) 




Proof. Let 


L. := inf S’{v). 




We take a minimizing sequence Wj G ^ such that 


S'{wj) ^ L + e T 


(3.12) 


By Lemma 13.61 up to a subsequence we have that there exists w G such that 

^ \z\'^Xwj ■Xf)dX = [ \z\'^VwX(j)dX, 


lim 

j^+00 _ 


1^1 


for every cf G In particular. 


0 ^ lim inf / \z\^\V{wj-w)\‘^dX 

j ^+00 

= lim inf / |z|“|Vw,f dW+ / H|“|VwP dX - 2 / bFVw,-• Vw dX 

M M M 

= lim inf / |z|“|Vwjf dX- / |z|“|Vw|2dX 
j ^+00 JJ 

= liminf (wj) — (^’(w). 

j—>-+oo 
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By inserting this into (|3.12p we obtain that 


(^{w) ^ liminf £’{wj) ^ liminf t + e ^ = t. 

>- + 00 J—>- + 00 


This shows that w is the desired minimizer. 

Now we show that the minimizer is unique. The proof relies on a standard convexity argument, we give the 
details for the facility of the reader. Suppose that we have two minimizers wi and W 2 , and let w := {wi + W 2 )/ 2 . 
Notice that w G ^ by the convexity of the space, hence 

(f(rci) = S{w 2 ) ^ <^{w). 


Also wi — W 2 ^ thus 

[wi - = 


|z|“|V(r(;i — W 2 )\‘^ dX 
h 

= I \z\'^{\Vwi\‘^+ \VW 2 \‘^- 2 Vwi-Vw 2 )dX 

J gsi 

= [ \z\^{2\Xwi\'^+ 21X1021“^-\X{wi + W2)\‘^)dX 

JsSi 

= 2<§ {wi) + 2<§ {w2) — {w) 

^ 0 . 


This, together with Lemma 13.21 shows that wi = W 2 and so it completes the proof of the uniqueness claim. □ 

From now on, we will implicitly assume that ^ 0. Then, the minimizer introduced in Theorem 13.71 
is the fractional harmonic replacement that we consider in this paper. Roughly speaking, it is a minimizer with 
boundary datum of a fractional energy in the extended variables under the additional condition of vanishing in 
the set K. 


3.2 Basic properties of the fractional harmonic replacement 

In this subsection, we prove some simple, but useful, properties of the fractional harmonic replacement, such as 
symmetry and harmonicity properties and maximum principles. 

We remark that the fractional harmonic replacement is defined in a whole (n + l)-dimensional set. This can 
be translated into subset of the halfspace if the boundary datum is even in 2 ;, as the forthcoming Lemma 13.81 
will point out. 

Lemma 3.8. If (p{x,—z) = (p{x, z) then ^{x,—z) = ^{x, z). 

Proof. We let ^{x,z) := —z). Then T G ^^'y- Furthermore 

[ \znx^\^dx= [ \znx^^j,jx,-z)\^dx= [ \znx^'f,(x,z)\^dx, 

J J J 


hence T is also a minimizer for S in By the uniqueness result in Theorem l3.7[ we conclude that T = <I>^ □ 

Now we write to mean the functional space when ip = 0. In this notation, we have that the fractional 
harmonic replacement is orthogonal to as stated in the following result: 

Lemma 3.9. For every if G 





■Xifdx = {) 


(3.13) 


and 




(3.14) 
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Proof. Notice that for every e E (—1,1), we have that + £^jJ G ^^ 7 ’ therefore ^ + eif) — ^ 0 

and then (j3.13p follows. 

Then, using (|3.13p . 


[ |zr + ivv^p ± • v^f] dx 


I 




dX- [ IzI'^lVV’pdX 

J 


= 0 , 


that establishes (I3.14p . 


□ 


Now we show that the fractional harmonic extension is indeed “harmonic” outside the constrain, i.e. it satisfies 
a weighted elliptic equation in the interior of \ K. The precise statement goes as follows; 

Lemma 3.10. We have that 


div(|zrv$^,^) = o 

in the interior of \ K, in the distributional sense. 

Proof. Let ^ be an open set contained in \ K. Let ^|J E C^{^). Then ip 
Accordingly, by (|3.13D . 



■XipdX = 0, 


(3.15) 

0 in X and so ip G 9%. 


which establishes (|3.15l) in the distributional sense. 


□ 


The forthcoming two results in Lemmata 13.161 and 13.171 provide uniform bounds on by Maximum Principle. 
To this goal, we need the ancillary observations in the following Lemmata 13.11113.151 

Lemma 3.11. Let c E M and (p G Let (pk G be a sequence such that 


lim 

/c—)-+oo 


\\4> — — 0 - 


Let ip := ((p — c)+ and ipk '.= {(pk — c)"*". Then, up to a subsequence, 


(3.16) 


lim 

fc—>-+oo 


IIV' - — 0- 


Proof. First, we observe that, up to a subsequence, pk ^ <P a.e. in ^i. Accordingly 


limsupx{<^j^>c^ 0 } ^ and limsupx{</,>c^</,;,} ^ X{</.=c} (3-17) 

fc—>-+oo fc^ + OO 

a.e. in Also, for any domain JP compactly contained in \ { 2 ; = 0}, we have that p G and so, by 

Stampacchia’s Theorem (see e.g. Theorem 6.19 in |21]1. it follows that Xp = 0 a.e. in {p = c}, and so 

\zp\Xp\‘^X{ 4 >=c} = 0 a.e. in ^ 1 . 

Therefore, by (|3.17p . 

lim \z\‘^\Xp\‘^X{<i>k>c^<j,} = 0 

fc^ + OO 

and lim {zl'^lXpfxicpyc^M = 0 - 

k—y-\-oo 

Consequently, by the Dominated Convergence Theorem, 

lim [ \z\'^\Xp\‘^dX = 0 

k^+00 J^^n{<f»c^<f>k} 

and lim f \z\°‘\Xp\‘^ dX = 0. 

k^+00 J^ir\{<f>k>c^ 4 >} 
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Moreover, by Corollary 2.1 in |18j . 


|z|“|VV’-VV’fcPdX 

|znV(</)-c)+-V(4-c)+|2dX 


/^1 


' !^ir\{4i>c}n{4>k>c} 


L 

L 


3Sin{4>>c^(t>k} 


\z\^\V(t)\‘^dX 




We also observe that 


and therefore 


' ^ir\{(j)>c^4’k} 

From this, (|3.16l) and (I3.18p . we get 


! 3gin{<pk>c^4>} 

|V4P^2(|V0fe-V(/)|2 + |V(/)p 

[V' - '^k]w{ss^) ^ 3 / l^^ri V(/) - V(/)fc|^ dW 
Jm 


|z|“|V 0 | 2 dX + 2 




z|“|V 0 rdX. 


^ 0. (3.19) 

Now we observe that | 2 ;|“|<^ — —)• 0 in L^(,^i), thanks to (|3.16l) . Therefore (see e.g. Theorem 4.9(b) in [3]), 

we know that, up to a subsequence, 

^ h, 

for every /c G N, with h G L^(=^i). As a consequence, 


Consequently, 


and thus 


k|2|</'fc| ^ \z\"^\ 4 > - (l>k\ + k|2|</>| ^^/h + |.2;|2|</>|. 

- 'i/’fcl ^ + \(t)k\ + 2|c|') ^ 2\z\^(\4>\ + \c\) + Vh 


kriV' - ^ c 


a \±\2 , 2 


+ c" + /l 


=: 5 , 


with g G L^(=^i). So, by the Dominated Convergence Theorem, 

lim [ |zl“|V’-V’fcPd^ = 0. 
fc->-+oo 

This formula and (j3.19p imply the desired result. 


□ 


We need now a technical modification of Lemma LS.llI Namely, given (j) G in order to approximate 

in it is not always convenient to consider the positive parts of the approximating sequence (as done in 

Lemma l3. lip , since taking positive parts may decrease the regularity of the smooth functions. To avoid this, we 
introduce a smooth modification of an approximating sequence, which still converges to the positive part in the 
limit. The key step in this procedure is given by the following result: 

Lemma 3.12. Let (j) G and fix e > 0. Then, there exist 9^, 9^ G C'°°(M) such that ^{t) ^ C*' ^ for 

any t G M and 

ll'/’"'' - ^e(</’)llH'>(.:^i) + - ^(</’)IIh'>(^i) ^ (3.20) 
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Proof. Let r G [0,1]) such that r(t) = 0 for any t ^ 1/2, and r(t) = 1 for any t ^ 3/4. Let also 0(t) := t r(t) 

and 

e^{t) := e 0 . 

By construction, 0(t) ^ and so ^(t) ^ t"'' for any t G M. 

Moreover, 

m ^ C, (3.21) 

for some C > 0, and 

for any |t| ^ e. (3.22) 

Now we take a nondecreasing function ^ G (^““(M) such that ^{t) = 0 if t ^ —1/100, /r(t) G (0,1) for 
any t G (—1/100,1/100) and ^{t) = 1 for any t ^ 1/100. Notice that 





(3.23) 


For any r > 0, we define 


99 

^lr{t) •= ^ { ^ “ YOO 


We observe that ^r{t) = 0 if t ^ (98/100) — r, /rr(i) £ (0,1) for any t G ((98/100) — r, 1 — r) and ^r{t) = 1 for 
any t ^ 1 — r. 

We claim that 


there exists r G [0,1] such that / /ir(i) dt = 1. 

J —OO 


(3.24) 


To prove this, notice that, using the change of variable t = t — ^ + r and recalling (I3.23D . 


Urit) dt = f u ( t — ^ + r) dt 

: 7-00 V 100 ' 

.^+r 
1 nn 


f 100+'’ - f 100 ~ f 100+’’ _ 

/ /i(t) dt= fi(t) dt+ n{t) 

J —OD J —OO J 

II 


di 


1 nn 


— L -\- 


1 dt = L + r. 


Now, if r = 0 then i ^ 1/50, thanks to (|3.23p . and if r = 1 then t + 1 ^ 1, since t ^ 0. So, by continuity, we obtain 
the claim in (|3.24p . 

Notice that the parameter r given by (I3.24p will be considered as fixed from now on. We define 


T{t):=f Hr{p)dp. 

J —OO 


We claim that 

T{t) = for any |t| ^ 1. (3.25) 

Indeed, if t ^ —1 then t ^ (98/100) — r and so we have that T{t) = 0 = since the integrand vanishes. Also, 
if t ^ 1 then 


T{t) = f p,rip)dp+ [ Pr{p)dp=l+ f ldp = t, 

./-OO Jl Jl 


where (I3.24|) was used. This proves (j3.25p . 
We also claim that 


T{t) ^ t^ for any t G M. 


(3.26) 


To prove it, we notice that it is enough to consider the case t G (—1,1), in view of ()3.25l) . Moreover, T{t) ^ 0 = t~^ 
for any t ^ 0, so we can focus on the case t G (0,1). For this, for any t G (0,1), we let H(t) := T(t) — t~^ = T{t) — t. 
Then 

H'{t) = r'(t) - 1 = pr{t) -1^0. 
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Therefore, for any t G (0,1), 

T{t) -t+ = H{t) ^ H{1) = r(l) -1 = 0, 

due to (|3.25l) , and this completes the proof of (|3.26l) . 

Now we define 

From (j3.26p . we know that 9e{t) ^ for any t G M. Also, 

\d'e\ ^ C, (3.27) 

for some C > 0, and we deduce from ()3.25p that 

0^{t) = for any |t| ^ e. (3.28) 


Having completed the construction of and we now prove (13.201) . To this goal, by Lemma 2.1 in [TH], we have 
that V{6^{4>)) = ^{4>)V4>, therefore 




H' 


L 


(^^)=/ \zr\Vcj,+ -^{cPWfdX 


3§in{\(i>\<s} 


kr|V<()+ -^((/>)V(/.|^dA, 


(3.29) 


since the other contributions cancel, thanks to (I3.22p . 

We also use (j3.2ip to see that | 2 ;|“|V(/)+ — X{\<i>\<e} ^ C\z\°‘\V G since cj) G 

therefore, by the Dominated Convergence Theorem and the Theorem of Stampacchia (see e.g. Theorem 6.19 
in m), we have 


lim / |zr|V(/)+-^((())V(^|^dA ^ C / H|“|V(()PdX = 0. 

^ I J^,n{4>=0} 

This and (j3.29p give that 


lim[cP+ - 0s(</')]h.(^^) = 0. (3.30) 

Now we observe that |^(t)| ^ C{1 + |t|), due to p3.2ip . and therefore, by the Dominated Convergence Theorem, 


lim / \z\^\(j)-^ - dX = 0. 

This and (I3.30p imply that 

-i^{4>)\\w{ss,) = 0 - 

In a similar way (using p3.27p and p3.28p instead of (I3.21[) and (I3.22h i. we obtain that 

lim||())+ -de ((/.)! I =0. 

This and (I3.3ip give p3.20p (up to renaming e). 


(3.31) 


□ 


As a consequence of Lemmata [3TT] and [3T2] we have the following smooth approximation result for the positive 
part: 

Corollary 3.13. Let c G M and (j) G Let (pk G EI*(,^i) be a sequence such that 

lim \\(j) - = 0. 


Then, there exist sequences of functions 9^, 0_^ ^ (^““(M) such that 9i^{t) ^ t+ ^ ^fc(t) for any t G M and 


and 




lim 11(0 - c)+ - 9k{4>k - c)||h'*(^i) = 0 . 

fc^ + OO 


(3.32) 

(3.33) 
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Proof. First we use Lemma 13.111 to say that 

lim ||((/) - c)+- (4 - c)+||h-(j^i) = 0. 

/c^+oo 

Now, fixed A: G N, we use Lemma [3.121 to find 6^, Ok ^ such that 9k{t) ^ ^ 0k{t) for any t G M and 

\\i4>k - c)'*' - 0k{4>k - c)||h'*(j^i) + \\{f>k - c)'^ - 0ki4>k - c)\W‘(SSi) ^ 

These considerations and the triangle inequality imply (|3.32p and p.33p . as desired. □ 


With this, we can now prove the following result: 

Lemma 3.14. Let g, (.p ^ with g — ip ^ ]HIq(=^i). Let also c ^ sup:^. Then {g — c)"*" G ]HIq(=^i). 

Proof. By construction g — c G Thus, by Corollary 2.1 in [18], we have that {g — c)^ G W^{SSi). Moreover, 

there exist sequences fk G and (pk G C'°°(=^i) such that fk^g — p (pk ^ f in as k ^ +oo, 

respectively. 

Now, we define (pk '.= ipk — 0ki<Pk ~ c), where 6k is the smooth function given by Corollary 13.131 Notice 
that ipk G Also, by Corollary 13.131 we have that OkiPk ~ c) —>■((/? — c)+ = 0 in therefore (pk ^ p 

in as /c —)• +oo. 

Now we define hk := Okifk + Tk — c — e“^), where 9_k is given by Corollary 13.131 Notice that hk G 
Also, the support of hk is compactly contained inside since <Pk ^ Tk — {pk — c)^ = min{¥5fc,c} ^ c (recall 
that 9k[t) ^ t~^ for any f G M) and the support of fk is compactly contained inside ^i. Therefore, we have 
that hk G Also, by Corollary 13.131 we have that hk ^ {{g — ip) + p) — c)"*" = {g — c)'^ in This 

implies that {g — c)'^ G M.q{^i). □ 


For further reference, we point out that a statement analogous to Lemma l3.141 holds when the positive part is 
replaced with the negative part of the functions: 

Lemma 3.15. Let g, p ^ ]HI^(,^^ 2 ) with g — p G ]HIq(=^i). Let also c ^ mf p. Then {g — c)~ G Mq(^i). 

Now we establish pointwise bounds, from above and below, of the fractional harmonic replacement: 

Lemma 3.16. ITe have that 


^ max \ sup p, sup 7 ^ 

I K ) 


Proof. Let 


c := max sup p, sup 7 
h K 


and if := — c)+. By Lemma [3. 141 we know that V’ £ iSio(^i)- Also, a.e. in K, 

V' = i^K,-y - = (7 - c)+ = 0 


in the sense of traces, hence if G As a consequence, using (I3.13p . 


0 = [ |z|“V4>^ •VV’dX= [ 
Jssi ’ 

which gives the desired result. 






□ 


Lemma 3.17. If p ^ Q and 7^0, then ^ ^ 0. 

Proof. Let if := (—= (4*^^)“. By Corollary 2.1 in [18] we have that if G and, using Lemma 13. 151 

with c := 0, we have that if G Mq(^i). Also, a.e. in K, we have that if = ( 4 ^X 7 )” ~ (7)~ = 0 in the trace sense. 
As a consequence, if G thus we can use (|3.13D and conclude that 

0= [ -VifdX = - [ |z|“|V$^ pdA, 

which gives the desired result. □ 


15 




























3.3 Relaxation of the functional spaces and subharmonicity properties 

The purpose of this subsection is to relax the functional prescription in the space by allowing approximating 
sequences to take also negative values in K. This observation will be exploited to deduce subharmonicity properties 
of and it will also play a role in the proof of the monotonicity statement of Theorem 13.201 For this scope, we 
define 

^ ^ ^ 0 a.e. in if}. (3.34) 

The reader may compare this definition with ()3.6I) : the only difference is that in (j3.6p the function is forced to 
vanish on K, while in the latter setting it can also attain negative values on K. Of course, therefore 

inf <^{v) ^ min (^{v) = 

We will show that in fact equality holds if (/p ^ 0: 

Lemma 3.18. If (p ^ 0, then 

min S’(v) = min S‘(v) = 

Proof. Let v G Since |Vu+| ^ |Vu|, we have that ^ So, to prove the desired result, we only 

have to show that 

v+ G (3.35) 

For this, we note that v~^ G thanks to Corollary 2.1 in [18] . Now we claim that 

-(/? G Hg(^i). (3.36) 


For this, we use the sequences fk G and pk £ that converge, respectively, to v — p and p 

in as k ^ +oo. 

We define gk '■= fk + OkiPk)-, where 6k is given by Corollary 13.131 Hence, by Corollary 13.131 we know 
that 6k{pk) —>■ P~^ = p in Therefore gk ^ {v — p) + p = v in 

As a consequence, using again Corollary 13.131 we obtain that OkiOk) in 

Let now hk ■= 0k{gk) — 6k{6k{Pk)) ■ We have that ^ v~^ — p. We also notice that fk = 0 outside a 
compact subset JUk contained inside Hence gk = dk{pk) outside Jifk- Therefore hk = 6k{gk) — 6k{dkiPk)) = 
6k{6k{pk)) — 6k{6k{pk)) = 0 outside Jlft. This shows that hk G and it completes the proof of (|3.36p . 

Now we observe that = 0 a.e. in K in the trace sense. This and (|3.36l) complete the proof of (|3.35p and so 
of Lemma 13.181 □ 


While Lemma 13.101 gives that the harmonic replacement is “harmonic” apart from K, next result states that 
it is “subharmonic” in the whole of the domain if the boundary datum is nonnegative: 


Lemma 3.19. If p ^ 0, then for every if G with fj ^ 0 a.e. in we have that 



“V4'^-VV’dA:^0. 


Proof. Given e > 0, we set ifs '■= Since — y? G 1 HIq(.^i) and V’ £ we have that fje — p G 1HIq(.^i). 

Furthermore, a.e. in K, we have that = —eif ^ 0 in the trace sense, therefore G 

From this and Lemma 13.181 it follows that (^(V'e) ~ ^ ^ gives the desired result. □ 

For our purposes we will never use Lemma [3.19l but we stated and proved it since it can be a useful consequence 
of the theory developed so far in Section [3l 


16 
























3.4 A monotonicity property for the fractional harmonic replacement 

Now we show that the fractional harmonic replacement enjoys a monotonicity property with respect to its boundary 
data and the constrain: 


Theorem 3.20. Let 3 ^2 ^ ^ Let also K 2 C Ki C and Ai C A 2 (£ Then 


Proof. We consider the minimization problem in the notation of Theorem 13.71 the associated 


minimizer will be denoted by ^2 

We claim that 


K2^A2 




(3.37) 


To prove this, we let g := ^^>2 and ip ■.= ipi — p 2 - Notice that sup^^ ^ 0, thus we can use 

Lemma 13.141 (with c ;= 0) and conclude that h := g~^ G ]HIq(.^i). Furthermore, in the trace sense, a.e. in Ki we 
have that h = {0 — ,^2 )'*' ^ 0, thanks to Lemma 13.171 and so 

1’ K 2 UA 2 

h G (3.38) 

Consequently, for every 6 G (—1,1), we conclude that ^^2 +5h G then, by the minimizing 

’ /C 2 UA 2 ’ i^2hJA2 

property of , h follows that ^2 ) ^ *<^2 + ^h). 

^1’^X2UA2 ^l’^Jf2UA2 ^l’^X2UA2 


This implies that 

Hence, we have 


^2 ■VhdX = 0. 

' ' ^1’^X2UA2 


<f(/i) = [ 1.2|“V(4> 

J 




• V/idX 


Thus, recalling p.38p and ()3.13p . we obtain that S{h) = 0. This, together with Lemma [3.2l implies that h vanishes 
and establishes (I3.37p . 

Now we set 

(3.39) 




Notice that <^2 “ T 2 and . — p 2 belong to hence so does g. Moreover, a.e. in Ki, in the 

^l>'I’if2UA2 


sense of traces, we have that g = ~ ^K 2 UA 2 ~ d- This says that 


and so we can use (j3.14p (with fj := g here) and conclude that 

-1) = 

-^1’ ^A:2UA2 -^1’ ^A:2UA2 

Thus, from (I3.39p . 


(3.40) 


(3.41) 
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Now, since Ki D K 2 and = 0 a.e. in K 2 , we have that 


and so 


' iC2UA2 

^ K ^ ^>^^2 ^ t ^^2 ^ ^ ^^2 ^ — -^ A ' 2,0 “ ■^ K 2 




thanks to the minimality of 
This and ()3.4ip imply that 

<?(»,) < <S’(-I-g,u^.) - <*’(< 1 '^,). 

On the other hand, from Lemma 13.181 we know that 

'^(^KiuAi) = min '^(n)- 


(3.42) 


^-^KlUAi 


Therefore, calling ^ := — v, we have that 




mm 


Now we claim that 


11 G 




(3.43) 

(3.44) 


For this, we recall (I3.39p . and we have that 


-f f = ‘»Eua, - f?., „. + fg. ■ 


^2'-'^2 


(3.45) 


From this, it follows that 7 ) — (/?! G Also, a.e. in Ki, we have that 7 ) = ^'k 2 UA 2 ~ ^‘k 2 UA 2 + 0 = Oj iii 

the trace sense. Moreover, a.e. in Ai C A 2 , we have that fj = 0 — ^ 0) where (I3.37h has been 

exploited. These observations imply that fj G ^k\uAi^ which in turn implies (I3.44p . 

From (I3.43P and (13.441) . we obtain that 

■^W.UA,) <■?«)- 7 ). 

Moreover, by p3.40p and (I3.14p (used here with ijj := r]), we have that 

<f($^\-7?)=^($^\)+^(7?). 

Thus, formula (13.451) becomes 

W,) ^ W, -v)- = <^{ri)- 

Therefore, recalling (|3.42p . 

This concludes the proof of Theorem 13.201 


□ 


4 Energy estimates for the fractional harmonic replacement 

The goal of this section is to prove that the energy of the fractional harmonic replacement in iF U A is controlled 
by the energy of the fractional harmonic replacement in K, plus a term of the order of the 77 ,-dimensional measure 
of the additional set A. The precise statement of this result goes as follows: 

Theorem 4.1. Let (p ^ t) and p G [1/4, 3/4]. Let K C n {z = 0} and A := Bp\ K. Then 

for some C > 0 that depends on n and s. 
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In the local case of the classical harmonic replacement, a statement similar to the one in Theorem 14.11 was 
obtained in Lemma 2.3 of [6j. Also, a fractional case in a different setting was dealt with in Theorem 1.3 of [l6] 
(as a matter of fact, the right hand side of the estimate obtained here is more precise than the one in |16] since 
it only depends on the values of ip in a fixed ball, and this plays an important role in the blow-up analysis of the 
problem). 

To proof Theorem 14.11 we will reduce to the radial case. For this, we will first show that a suitable radial 
rearrangement decreases the energy and then estimate the energy in the radial case. An important step of the 
proof is also obtained by using the monotonicity property of Theorem 13.201 in order to reduce to the case of 
constant Dirichlet datum. The following subsections contain the details of this strategy. 


4.1 Symmetric rearrangements 

In this subsection, we will consider the symmetric rearrangement in the variable x G M”', for a fixed z G M. In the 
forthcoming Theorem 14.31 we will show that this rearrangement decreases the energy. 

To this goal, we hrst state a useful density property of polynomials in the space we work with. 

Lemma 4.2. Let v G and e > 0. Then there exists a polynomial Ps such that 


11 ^ -PsWm’^isSi) ^ £■ 

Proof. By the definition given in Subsection l3.ll we have that there exists We G such that ||u — 

^ Moreover, by the Stone-Weierstrafi Theorem (see e.g. Lemma 2.1 in [l3]), we have that there 
exists a polynomial Pe such that HtCg — PellcT^i) ^ Therefore 


\We - ^ -Pel^dX + 


^ WWe-Pel 


UhdA ^ Ce, 



z\°-\VWs 


VpeP dX 


for some C > 0. As a consequence, 

11^ “ PeWm^i^i) ^ 11^ “ “ PeWw^i^i) ^ £ + C E, 

which implies the desired result after renaming e. □ 

Now, given v G L°°(,^^l), and fixed any 2 : G M, we consider the Steiner symmetric rearrangement 
of v{-, z) (see e.g. Section 2 of M)- With this notation, we are ready to establish the main result of this subsection, 
that states that the symmetric rearrangement in the x variables decreases energy: 

Theorem 4.3. For any v G 




z\'^\Xv\^dX. 


Proof. The idea of the proof is to hrst prove the desired claim for polynomials using some results in [9] and then 
pass to the limit. The details go as follows. By Lemma 14.21 we can take a sequence of polynomials pj such that 

lim \\v-pj\\Ms(^i)=0. (4.1) 


Consequently, 

lim [ \z\‘^\Vpj\‘^ dX 

j ^+00 

Now, for any (ry, () G M"" x M, we set 



(4.2) 


f{v,0 ■■= N^ + |CP = |(r?,C)p. 
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Also, for any fixed z E M, we set 


:= {x € M” s.t. (x,z) E ^i}. 

Notice that the Steiner symmetric rearrangement of coincides with itself, thanks to (I3.ip . By formula (4.20) 
in [9], we have that 


L 




■ dx < 


s.t. Pj(a:, 2 )>t} xP^j\ Jd*{x&Sgf S.t. pj{x,z)>t} 


i 


fi^Pj 


■ dx, 


for any t E M, where d* denotes, as usual, the reduced boundary in the sense of geometric measure theory. Thus, 
by the Coarea Formula, 


|VKpdx= / /(VK)drE 


/[/ 

Jr Jd*{x&ssi 




/(VpJ) 

s.t. pj(a;, 2 )>t} WxP'j\ 

f fi'^Pj) 

'd*{x(iSSl S.t. pj{x,z)>t} I ^ xPj I 


dx 


dx 


dt 


dt 


[ f{Vpj)dx= [ \Vp 

Jm Jm 


dx, 


for any fixed z E M. 

Hence, we multiply by \z\°‘ and integrate, to obtain 


4^1 4^1 


(4.3) 


Our objective is now to pass to the limit ()4.3p . The right hand side of (|4.3p will pass to the limit thanks to (14.21) . 
so we discuss now the left hand side. Since the Schwarz rearrangement is nonexpansive (see e.g. Theorem 3.5 
of [2I|)) we have that, for any fixed z E M, 

/ \v^—p'jfdx^ / \v—pj\‘^dx. 

Jssi Jssi 

So, we multiply by |z|“ and we integrate over z, and we see that 

[ -KpdX ^ / |z|“|u-pjf dX. 


This and (14.11) give that 

Now, by (|4.3p and (14.21) . we have that 


lim 

j->+oo. 


|z|“|u'" -pjpdx = 0. 


(4.4) 


sup 

jGN JSSi 


[ knvpjp 

4.^1 


dX < +00. 


Accordingly, by Lemma 13.61 fsee also Theorem 1.30 in |19]'). we obtain that 


.lim [ |z|“VK-V())dX= [ |z|“Vu'" • V^dX, 

j^+OO JJgg^ 

for any (p E As a consequence, 

0 ^ lim inf / |z|“|VK - Vu'^pdX 

j^+OO Jgg^ 

= lim inf / |z|“(|VKP + |Vu'"P-2Vp^-Vu'")dX 

J^+OO Jgg^ 

= lim inf / |z|“|VKpdX- / |z|“|Vu'"p dX. 

j^+OO Jgg^ Jgg_^ 
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This, (14.31) and (|4.2p yield that 


as desired. 


/ 

JsSi 




a\2 


j-'^+oo 


^liminf/ \z\'^\Vpj\^dX= |z|“|V?;'"|^ dX, 

j^+OO J gg Jgg 


□ 


4.2 The radial case 

The goal of this subsection is to prove Theorem l4.1l in the radial case, that is when the Dirichlet datum is constant, 
K \s a ball and A is a ring. More precisely, we prove that: 

Lemma 4.4. Let p G [1/4, 3/4], r G (O,/?) and c G [0,+oo). Then 


for some C > 0 that depends on n and s. 

Proof. If c = 0, then = 0 and = 0, in virtue of Lemmata 13.161 and 13.171 Thus we may assume that c 7 ^ 0. 
In fact, by dividing by c 7 ^ 0, we may assume that c = 1. 

We let p := p — r and we observe that 


\Bp \ Br\ = \B,\ {p^ - r”) = jilil {p - r) 

i=i (4.5) 

Now we fix 1 /) G such that (f = 1 = cm. \ and (^ = 0 in B 3/4 x {0}. We let Cq := By 

construction (f vanishes in Bp x { 0 } ^ B^ x { 0 }, therefore, by the minimality properties of < 1 >^^ and we have 
that 

max{^(cl>|^), ^ ^(</.) = Co = Co c. (4.6) 

We define 

•= -S 5/6 ^ 

and := 114/5 

By dST]), 

Bp X {0} <s (E ^ .^ 1 . 

Therefore, there exists r G C°°(M"'"''^, [0,1]) such that r = 1 in and r = 0 in \ ‘^ 4 .. 

For any X G we define 

a{X) := f 1 - ^ r(X)^ X = X-^ t{X) X. 

\ P J P 



Let also In+i be the identity (n + l)-dimensional matrix. Notice that X 1 —>• t{X) X is a smooth and compactly 
supported function, and so 


|dla(X) - l„+i| = ^ \D{t{X)X) \ 


(4.7) 


for some Ci > 0. Accordingly 


detZla(X)| ^ 1 — C 2 P, 


(4.8) 


as long as p is small enough. 
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Now we observe that 


(4.9) 


a{Bp X {0}) CBrX {0}. 

Indeed, if x G Bp, then (x,0) G thus t(x,0) = 1, which gives 

a(x, 0) = fl - -) (x,0) = - (x, 0), 

\ Pj P 

proving (BH). 

We also notice that 

\ =^1. (4.10) 

Indeed, if X G \ =^i, then in particular X G \ which gives that t{X) = 0 and so a{X) = X G 

I^n+i establishing (I4.10h . 

Now we claim that 

a{^i) C ^1. (4.11) 

To prove this, let X G If X G \ ^+, we have that t{X) = 0, thus a{X) = X £ SS\ and we are done. 
If instead X G = B^j^ x [—1/2, 1/2], then a{X) = 6 {X)X, for some 6 {X) G [0,1], thus a{X) also lies 
in B^/q X [—1/2, 1/2] = C and this completes the proof of (14.lip . 

Now we observe that 


if X = (x, z) = a{X) = a{x, z), then 


^ \z\ ^ (1 + C 3 iJ,)\z\, 


1 + Cs/r 

for some C 3 > 0, as long as fj, is sufficiently small. To prove this, we observe that 

P 


(4.12) 


z= (^l-^r(X)j z, 

and this gives (I4.12h . 

Now we define S^iX') := (aiX)\. From (14.91) and (j4.10p. we have that 6 * G , therefore the minimizing 

property of 4>g gives that 

^ (4.13) 

On the other hand, by (14.7p . (14.8h . (I4.11h and (I4.12p . 


^(0*) = 


[ \zr\v{nM{x)))fdx 

J gsi 

^ + [ \zr\X^%MX))\^ dX 

Jssi 

^ (l + C 4 /r) / \z\^\X^%^{xf dX 

J q(^i) 

^ (l + C4/r) / \zr\V<^%^ixf dX 

JSSi 

= (1 + C5M)<^(^/jJ, 

for some C^, > Q, where the change of variable X := a{X) was exploited. 

Hence, recalling (I4.13p . we obtain that 

provided that fi is small enough. As a consequence, from (|4.5p and (14.6p . 


<^{^%^)-r^{^%^)^C5pc^{^%^)^Ce\Bp\Br\c^mr)^C7c\Bp\Br\, 

for some Cq, C 7 > 0, provided that /r is small enough. 

This completes the proof of Lemma IT~il for small //, say /r ^ //q for a suitable /tq > 0. 

Conversely, when fi > fiQ, we have that 

c\Bp\Br\, 

for some Cs > 0, thanks to (14.5h and (14.6h . which establishes Lemma [L4] also when fi > fiQ. □ 
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Now we generalize Lemma 14.41 to the case in which the Dirichlet datum is still constant, but the supporting 
sets K and A are not necessarily radially symmetric. In this framework, we have: 

Lemma 4.5. Let p G [1/4, 3/4] and c G [0, +oo). Let K C ‘Wp n { 2 ; = 0} and A := Bp \ K. Then 


for some C > 0 that depends on n and s. 

Proof. We point out that Lemma 14.51 reduces to Lemma 14.41 in the special case in which K := B^, with r G (0, p). 
In the general case, we argue as follows. We take r such that \Br\ = \K\. Then 

1^1 = \Bp \ K\ = \Bp\ - \K\ = \Bp\ - \Br\ = \Bp \ Br\. (4.14) 

Also, we define xf := c—Notice that 0 ^ xp ^ c, due to Lemmata l3.16l and l3.17l and xp G Wq{ASi). Thus xp G ^ 
and so its symmetric rearrangement xp^ in the variable x G (as defined in Subsection liTl) satisfies xp°' G 
Let xp* -.= c — xp^. Then xp* G , therefore, by the minimality of we have that 

^ ^{xp*) = 

On the other hand, by Theorem 14.31 we know that S'{xp^) ^ ^{xp). As a consequence 


^(<h|J ^ S{xP) = 


Now we remark that K U A = Bp, therefore 




Then, using Lemma 14.41 


x^muA)-'^{m^cc\Bp\Br 


This and (I4.14p complete the proof of Lemma 14.51 


□ 


4.3 Completion of the proof of Theorem 14.11 

With the arguments introduced till now, we can complete the proof of Theorem 14.11 The idea is that, by the 
monotonicity property in Theorem 13.201 one can reduce to the case of constant boundary data and then use 
Lemma 14.51 The details of the proof go as follows. 

Proof of Theorem \4.1\ We define c* := ||(p||x,oo(^^), K* := K 0 Bp and 

A* := Bp\K* = Bp\iKn Bp) = Bp\K = A. 

From Lemma 14.51 we have 

~ ^ C c* |A*| = C |A|. (4-15) 

On the other hand, we see that c* ^ oj ^ 0 a.e. in AS 2 , K* C iL C B^ and A* = A d B^, therefore, by 

_ 10 10 

Theorem 13.201 

<^i^KuA) - ^ <^i^K*UA^) - 

Combining this with (14.151) . we obtain the desired result. □ 


5 Density estimates 

In this section, we deal with density estimates. A crucial ingredient of our argument will be the estimate previously 
obtained in Theorem ITTl 
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5.1 Density estimates from one side 

We start by proving a density estimate from one side and a uniform bound on the minimizers. 

Lemma 5.1. Assume that {u,E) is minimizing in Bi, with n ^ 0 a.e. in \ Bi and 0 E dE. 
Then, there exist 5, K > t), possibly depending on n, s, and a such that 


\B,/2\E\^6 (5.1) 

and 

II'*^IIl°°(Bi/2) ^ (5-2) 

Proof. The proof is an appropriate modification of the one in Lemma 3.1 of [6], combined with some results in |16] . 
First we prove (|5.1I) . For this, for any r E [1/4, 3/4], we define 

Vr:=\Br\E\ and a{r) := Jif^-\{dBr)\E). (5.3) 

The terms V/ and a{r) play the role of volume and area terms, respectively. 

We suppose, by contradiction, that 

Vi/2 < S (5.4) 

(of course we are free to choose 6 suitably small, and then we will obtain a contradiction for such fixed 5). We set 


A:= Br\ E. (5.5) 

By Lemma 3.3 in m we have that 

u ^ 0 a.e., (5.6) 

hence u ^ 0 a.e. in E and tt = 0 a.e. in R"" \ E. 

In particular, u ^ 0 a.e. \n E VJ A and u = 0 a.e. in (R” \ E) \ A = R"’ \ {E L) A). As a consequence, the 
pair {u, E U A) is admissible. 

Accordingly, from the minimality of {u,E), we obtain that J^Bi{u-,E) ^ .^Bi{u,E U A), that is 


Pero- {E, Bi) — Pero- {E U A, Bi) ^ 0. 

Also, by (II. ip . 

Per„ {E, Bi) - Per^ {EuA,Bi) = L{A, E) - L{A, R” \ (.F U A)). 
Hence, recalling (|5.7I) . we conclude that 

L{A, R” \ A) = L(A, E) + L{A, R*" \ (FI U A)) 

= 2L(A, R*" \ (.F U A)) + Per,, {E, Hi) - Per„ {E U A, Hi) 
<2L(A,R’"\(HUA)) 

^ 2L{A,R^\Br). 

Furthermore, using the fractional Sobolev inequality (see e.g. |10]1. we have that 

\ xa { x ) - XA(y)P 


Ln-a (Rn) 


|x - y\ 


n+(j 


■ dx dy, 


(5.7) 

(5.8) 


(5.9) 


for some C > 0, which may be written as 


Vr " ^ 2CL(A,R’^\ A). 


From this and (15.9p . possibly renaming constants, we deduce that 

71 —(7 

W" ^ CL(A,R"\H,). 


(5.10) 


(5.11) 
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Now, using polar coordinates, we see that, for any x E ^ C Br, 


I 


dy 




\B. 


■Jx - 


I 

Jw 


1^1 


fh /■+°° 

dp^ C{r- \x\y 

I Jr-\x\ 


up to renaming constants. Therefore, integrating over x & A = Br\E, we obtain that 

L{A,R'^\Br)^C [ {r-\x\)-^dx 

J Br\E 

[ a{p) {r - py^^ p'^~^ dp ^ C f a{p) {r - py^^ dp. 
Jo Jo 

So, we plug this into (jS.llI) and we conclude that 


14 " 


yr 

/ cl{p) (r - pY 
Jo 


dp. 


Now we fix t E [1/4,1/2] and we integrate this estimate in r E [1/4, t]: we conclude that 


n—a 

/ Vr "" dr l / a{p) (r — p) 

Ji/i Jo iJp 


dr 


dp ^ C t 


^ [ a{p)dp 

Jo 


^CVt, 


again up to renaming the constants. Now we iterate this estimate by setting, for any k ^ 2, 




Since 14 is monotone in r, we have that 


r^k n—cT r 

/ Vr dr ^ 
/l/4 Ju 


'^k n — a n — cr _ 

dr ^ (4 - tk+i) = vy 

tk + l 


n — a 
n 

kyi ■ 


(5.12) 


Hence, if we write (I5.12p with t := tk we obtain that 

n — a 

^C^vk, 

up to renaming the constants. Also, by (15.41) . V 2 < d, which is assumed to be conveniently small. Then, it is easy 
to see that Vk ^ for some C > 0 and p E (0,1) (see e.g. formula (8.18) in [11]) and so 


0 = lim Vk = 14 / 4 - 

k—>--hoo ' 


(5.13) 


As a consequence, \Bii^ \ 41 =0, which is in contradiction with the fact that 0 E dE (in the measure theoretic 
sense) and so it establishes dsn). 

Now we show the validity of (15.2p . To this scope, we take r = 3/4 in (|5.5p and we consider the s-harmonic 
replacement of u in 4 U 43/4 = 4 U A, according to Definition 1.1 in |16] (notice that the replacement considered 
in [16] is defined in a setting different than the one introduced in Section [3] in this paper; as a matter of fact, the 
framework introduced in Section [3] only plays a role in the forthcoming Subsection l5.2l) . Namely, we define u* the 
function that minimizes the fractional Dirichlet energy 



v{x) 
lx — 


v{y)? 

\n-\-2s 


dx dy 


among all the functions v : M" —>■ M such that v—u E L^(M"'), v = u a.e. in M"\4i and u = 0 a.e. in (RE\E)\B ^/4 = 
M*" \ (4U A). 

The existence (and, as a matter of fact, uniqueness) of such u* is ensured by Lemma 2.1 of [16] . 
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We set 'll) ■.= Ui, — u. Notice that -0 = 0 a.e. in (R”- \ Bi) U (R*^ \ (i? U A)). Hence, by formula (2.8) of [T6] 
(applied here with K := R” \ (iii U H)), 



\u{x) - u{y)\‘ 

I^ _ y|n+2s 


dx dy — 

(x) - 0(y)|2 


|u*(x) - n*(y)|^ 


Qbi 


_ y|n+2s 


Qbi I-" 
dx dy. 


_ y|n+2s 


dx dy 


(5.14) 


Also 

tt* 0 0 a.e., (5.15) 

thanks to (j5.6jl and Lemma 2.4 in m- So, since = 0 a.e. in R"- \ (S U A), we see that the pair (u*, E L) A) is 
admissible. 

Therefore, by the minimality of {u,E), we have that 


{u, E) ^ {u^,EVJ A). 


This and (j5.14p give that 


= (u, E) - (u*, EVJ A) + Per^ {EVJ A, Bi) - Peiv {E, Bi) 

^ Per^ {EVJ A, Bi) - Per^ {E, Bi). 

Now we recall that (—A)®n* = 0 in B^j^ C i? U A, due to Lemma 2.3 in [16]. Therefore, recalling (I5.15p . we can 
use the fractional Harnack inequality (see e.g. Theorem 2.1 in [20] ) and obtain that 


(x) -0(y)|^ 


Qsi 


n-\-2s 


II 

J J Qbi 


k - y\ 

\u{x) - tt(^)|^ 

_ y|n+2s 


\X ■ 


dx dy 


dx dy — 


|n*(x) - u*(?/)|^ 


Qbi 


\x 


_ y|n+2s 


dx dy 


(5.16) 


sup rt* ^ C inf u*. 
Bi /2 ^ 1/2 


Now we claim that 




* 11L2 \E) ^ sup n* j , 


B 


1/2 


for some cq > 0. To prove this, we use (I5.17P to see that 


\u. 




ui dx 




BiI2\E 

( inf tt*) \Bi /2 \E\^ (c~^ sup u*) \Bi /2 \ E\ 
^ ^1/2 ^ ^ Si/2 ' 


and this proves (I5.18j) . thanks to (15.Ih . 

Furthermore, since -0 = 0 a.e. in R” \Bi, we have that 


If 

J JR'^ 


i(x) -0(//)p 
|x — 


dxdy ^ 


/ \I 

J S3 M 

L 
L 


3/4 


|0(X) - 0(//)|- 

|x - y|-+2- 

|0(x)|2 


dy 


dx 


|0(x)|2 


3/4 


dz 


dy 


dx 


dx 


= c 


Il2(S3/4)> 


(5.17) 


(5.18) 
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(5.19) 



























for some c > 0. Then, since ■0 = u* in -B 1/2 \ E, we deduce from (I5.18P and (|5.19l) that 


1/2 


^ Cj 

= C 


U^IIV’lli2(S3/J 

|0(x) -0(^)P 
. \x - 7/|’^+2« 
|0( x ) -0(?/)|2 


|x - y|-+2- 


dx dy 
dx dy, 


(5.20) 


for some C > 0. Now we claim that 


Ui, ^ u a.e. in 


To prove it, we set (3 := {u — u^,) and we remark that 

,5+ = 0 a.e. in (M** \ Bi) U (M" \ E) 
Thus, from formula (2.7) in |16] . we have that 

(u*(x) - u*(y)) (/3+(x) - /3+(y)) 


Qsi 


k - y\ 


n-\-2s 


dx dy = 0. 


Moreover, fixed e G (0,1), we define '■= u — e/3+. We notice that 

Ue ^ 0 a.e. in E. 


(5.21) 

(5.22) 

(5.23) 

(5.24) 


Indeed, let x ^ E: if I3~^{x) = 0 then Us{x) = u{x) ^ 0 (up to negligible sets); if instead f3~^{x) > 0, then (3^{x) = 
u{x) — tt*(x), thus u^{x) = (1 — e)u{x) + eUi,{x) ^ 0, thanks to (I5.15h . This proves (I5.24p . 

From (|5.22l) and (|5.24l) . we obtain that {ue,E) is an admissible competitor for {u,E), therefore, by the mini¬ 
mality of {u,E), we see that 


Qb, 


This and (j5.23l) give that 


(u(x) - u(y)) (/3+(x) - /3+(y)) 
|x - y0+2s 

(/3(x) - ^(y)) (/3+(x) - /3+(?/)) 

|nH-2s 


/qbi \^-y\' 

On the other hand (see e.g. formula (8.10) in |11]1. we have that 


dx dy ^ 0. 


dx dy ^ 0. 


so we deduce that 


(/3(x) - /3(7/)) (/3+(x) - /?+(?/)) > |/3^(®) - /3+(2/)|^ 


Iqb, I® - 

This says that f3~^ = 0 a.e. in M"', which in turn implies (j5.2ip . 
From (j5.20p and (|5.2ip we obtain that 




By plugging this into (I5.16p we conclude that 































Hence, recalling (15.81) . we deduce that 


( sup u 
^Sl/2 ' 


^ C (^L{A,R^\{EUA)) - L{A,E)'^ 
^ C L{A,R'^ \ {E U A)) 

^ CL(H3/4,M"\H3/4) 

^ C, 


up to relabeling the constants. This completes the proof of (j5.2p . □ 

Now, recalling the dehnition in (12.ip . we prove a uniform bound also for the extension function of minimizers. 
This will play a crucial role in the proof of Lemma l5.3l in order to obtain that the constant 5 does not depend on 
the quantity A (see formula (I5.25h below). Indeed, differently from the “local” case (see [ 6 ]), the energy estimate for 
the fractional harmonic replacement provided by Theorem 14.11 depends on the L°°-norm of the extension function, 
and this makes the blow-up analysis more delicate. 

More precisely, we have: 


Lemma 5.2. Let {u,E) be a minimizing pair in Bi, with 0 a.e. in \ Bi and 0 E dE. Suppose that 

\uiy)\ 


I 

Jw 


l + ll/l 


n-\-2s 


dy < A, 


(5.25) 


for some A > 0. Let also u he the as in m- 

Then, there exists K > 0, possibly depending on n, s, and a such that 


II^IIl°°(^ 5 / 9 ) ^ K. (5.26) 

Proof. The proof of (I5.26P is a suitable variation of the one of (15.2p . The difference here is that we will consider 
the harmonic replacement that we constructed in Section [3l For this, we consider the extension function u of u, 
as defined in ( 12 . 11 ) . 

Moreover, we set 

A := H 3/4 \ E (5.27) 

and we observe that E U B 3/4 = E U A. We consider the fractional harmonic replacement of u, as introduced in 
Section [3l by prescribing Bq/iq \ (E U A) as vanishing set. More precisely, with the notation of Theorem 13.71 we 
consider ^Bg/iQ\(EuA)- shortness of notation, we define 

^ ^B9/io\(euA)' (5-28) 

Notice that w = u in .^2 \ ^ 1 , therefore (up to extending w outside .^ 2 ) we can say that 

w = u in \ ,^ 1 . (5.29) 

Notice also that 

w^O inR^+^ (5.30) 

Indeed, u ^ 0 thanks to Lemma 3.3 in and so u ^ 0 , in view of m- Therefore (|5.30p follows from Lemma 

EITl 

Now we set 

F:=EUA (5.31) 

and we claim that 

w{x, 0) ^ 0 a.e. x £ E, and w{x, 0) ^ 0 a.e. x E R” \ F. (5.32) 

For this, we first observe that we only need to prove that w{x,0) = 0 a.e. x E R”" \ F, thanks to ()5.30p . Now, if 
X E Bg/i()\F then 'w{x, 0) = 0 by the definition of harmonic replacement in ()5.28l) . Moreover, if x E (R”\H 9 / 4 o) \F 
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then (x, 0) E (recall (I3.ip h and so, by (|5.29l) . we have that w(x, 0) = u(x, 0) = u(x) = 0, since x E 

This shows (I5.32p . 

Now we define ^ := =^ii and we observe that 

10 

^ n {2: = 0} = X { 0 } C BiX {0}, 

thanks to (j3.ip . This, (j5.3ip and ()5.32l) imply that the assumptions of Lemma l2. II are satisfied (with r := 1), and 
so 


I'W 


z\'^\Vu\^ dX + Per^{E,Bi) ^ / | 2 |“| dX + Per^(F, ^i). 




(5.33) 


Recalling (I5.29p . we can rewrite the formula above as 

[ \z\'^\Vu\‘^dX+ PeT:a{E,Bi) ^ [ |z|“|Vu;|2 dX + Per,,(F, Ri). 

J J 

Now we observe that, by 

Per^ {E U A, Bi) - Per,, (E, Bi) = L(A, R^\{EU A)) - L{A, E), 

therefore, recalling (|5.3ip . we have that 

Per„ (F,Ri) -Per„ {E,Bi) = L{A,R^ \ {E U A)) - L{A, E) 

^L(^,M"\(SU^)) ^L(R3/4,M^\R3/4) 

for some C > 0. From this and (I5.33p . we conclude that 

[ |z|“|Vu| 2 dX- / | 2 |“|Vd!| 2 dX < C. 

J^I JsSi 

Now we set T := w — u. Notice that 

T = 0 in \ 

thanks to (I5.29p . Moreover, if x E R 9/10 A) then (in the sense of traces) 

T(x, 0 ) = u;(x, 0 ) — u(x, 0 ) = —n(x, 0 ) = —u{x) = 0 , 

since x E M” \ E (recall also the dehnition of fractional harmonic replacement in (I5.28I1 ). Henc^, T E where 
K := R 9/10 \{E[J A). Therefore, (I3.14p gives that 


(5.34) 

(5.35) 


dX+ / |2|“|VT|^dX. 


[ |2|“|Vu|2dX= [ \z\'^\Vw\‘^ dX + [ 

J gsi J ssi J & 

Plugging this information into (|5.34p . we obtain 

[ |2|“|VT|2dX ^ (T. 

J 

Also, from (j5.35p and Lemma 13.81 (recall that u is even in z by definition), we have 


(5.36) 


/ 


urivTr dx = 


urivTr dx = 2 


|n+l 


jn + l 


| 2 |“|VT| 2 dX, 


^The careful reader may have noticed that K here recalls the set notation in the fractional harmonic replacement framework and of 
course cannot be confused with the constant K in (15.2611 . 
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where := 11 {z > 0}. So we set 2* := and we use Proposition 1.2.1 in [12], obtaining that 


/ r \2/2‘ 

\Jr^ ) 

-^c[l |^'(x,0)|2^‘dx I > |.Bi/2\^F”^ / |^'(x,0)|2dx 

Jb,,o\e 


' Bi/2 \E 


,2 / \ 2 


(5.37) 


^ |Si/ 2 \^F inf FI ^C\ inf F| , 


for some C > 0, thanks to (|5.ip (notice that the Holder inequality was also used). 

Now we notice that, if x G B 1/2 \ E, then 'I'(x, 0) = 'w{x, 0) — u{x, 0) = w{x, 0) — n(x) = w{x, 0) in the sense 
of traces. Using this information into (15.371) we get 





( inf \w 
Bi/ 2 \E 


(5.38) 


Now we observe that ^ 5 /g is compactly contained in \ K, where K = Bg/ig \{E[J A). Indeed, by ()3.ip and 

(I52Z1), 


^5/9 


Bi X 
2 



^ Bs X (—1,1) 

4 


c ((u u 4 ) n H9/10) X (-1, 1 ) C \ K. 


Also, Lemma l3.ini savs that 


div (IzI^Vti;) = 0 


in the interior of =^1 \ K, in the distributional sense. Therefore (recalling also (15.301) 1 we can use the Harnack 
inequality (see e.g. Theorem 2.3.8 in [T8|) and we obtain that 


sup u) ^ (7 inf w, 

^ 5/9 -*5/9 

for some constant C > 0 independent of w. This, together with ()5.38l) and (|5.30p . gives that 

[ jzPjVTP dX ^ C I inf tc] ^ C f inf ^ C f sup tc 

Jm \Bi/2\E J V^5/9 / \^S/9 

up to relabelling C. From this and ()5.36p we obtain that 



sup w ^ C, (5.39) 

^ 5/9 

for some C > 0 , depending only on n, s and a. 

Now we claim that 

w in (5.40) 

To prove this, we set /3 := u — w, and we observe that /3+ = 0 in E"'”''^ \ due to (|5.29p . Furthermore, if 
X G E" \ (H 9/10 \ (U U A)), then /3+ (x, 0) = {u{x, 0) — ti)(x,0))''' = 0 in the sense of traces. Therefore, by (|3.13l) . 



z|“Vu; • V/3+dX = 0. 


Now we fix e G (0,1) and we define := u — £P~^. Notice that 

Us = u in E"'"*'^ \ ,^ 1 . 


(5.41) 


(5.42) 
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Also, we observe that 


^ 0 . 


(5.43) 


Indeed, if /3+ = 0 then Ug = tt ^ 0; if instead > 0 then = {1 — e)u + u) ^ 0. This proves (|5.43D . 
Moreover, if x G M" \ E, 

Ue{x^ 0) = u{x, 0) — £ {u{x, 0) — w{x, 0))"'' = —£ {—w{x, O))'*' = 0, 


thanks to (|5.3UI) . This, (15.421) and (|5.43l) imply that the assumptions of Lemma [XT] are satisfied with ^ := 

20 

and so 


Using ()5.42p . we can write 


[ |z|“|VM|2(iX ^ [ \z\'^\Vu,\‘^dX. 

J'W J'%! 

[ |z|“|Vil|2(iX ^ / \z\^\Vus\‘^dX, 

J J 


which, recalling the definition of implies that 


|z|“Vu-V/3+dX ^ 0. 


This and (j5.41l) give that 


/ 


zl“|V/3+pdA:= / |z|“V,5-V/3+dA: ^ 0. 


Therefore, we have that /3"'' = 0 in This and (I5.29P imply p5.40p . 
From p5.39p and (I5.4np we obtain that 

sup u ^ C, 

■^ 6/9 

for some C > 0, possibly depending on n, s and a. This shows p5.26p . 


□ 


We remark that the finiteness of A in (I5.25|) is only used in order to have a well-defined extended function u. 
In particular, the quantity K in Lemma 15.21 does not depend on A. 


5.2 Density estimates from the other side 

In Lemma l5.ll a density estimate from one side was obtained, namely we proved that the complement of E has 
positive density near the free boundary. 

The purpose of this subsection is to prove that also the set E has positive density near the free boundary. 

To this goal, we need to modify appropriately the argument in Lemma l5.ll by using the machinery developed 
in the previous sections. With respect to the argument developed in the proof of Lemma l5.ll in this subsection 
the sets in (15.31) and (j5.5p are replaced by the similar quantities in which the intersection with E (rather than with 
the complement of E) is taken into account (see (I5.44h and (j5.45p below). 

This apparently minor difference causes a conceptual difficulty in terms of harmonic replacements: indeed, in 
the proof of Lemma l5. 11 the competitor was built by extending the positivity set of the minimizer u, while, in the 
case considered here, the positivity set gets reduced in the competitor, i.e. the competitor is forced to attain zero 
value on a larger set, and this makes its Dirichlet energy possibly bigger. For this reason, one needs to estimate 
the error in the Dirichlet energy produced by this further constrain on the zero set. This is the point in which 
Theorem [Q and Lemma 15.21 come into play. Indeed, for this estimate, we need to control the energy difference 
with a term only involving the measure of the additional zero set and the local size of the data (this is the reason 
for introducing the fractional harmonic replacement in the extended variables in Section [3] and for considering the 
extended problem in Lemma l2.ip . 

Lemma 5.3. Let {u,E) be a minimizing pair in B 2 , with u ^ 0 a.e. in \ B 2 . Suppose that 



\u{y)\ 

1 |y|’^+2^ 


dy ^ A, 
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for some A > 0. 

Assume also that 0 G dE. 

Then, there exists <5 > 0, possibly depending on n, s and a such that 

\^i /2 n i^l ^ (5. 

Proof. First of all, we notice that n ^ 0 in the whole of M”, thanks to Lemma 3.3 of m- Also, for any r G [1/4,3/4], 
we define 

Vr := jBr n Ej and a(r) := n E). (5.44) 

The desired result will follow by arguing by contradiction. Suppose that the desired result does not hold. 
Then V\i 2 < d. We will find a contradiction by taking b conveniently small. To this goal, we set 


A := Brf^ E. (5.45) 

We let u : —)• M be the extension of u, according to (Et]). 

We consider the fractional harmonic replacement of u, as introduced in Section [3l prescribing (i^g/io \E)[J A 
as supporting sets, i.e., in the notation of Theorem 13.71 we consider and we define, for short. 


^ ^CB9/io\e)uA- 

Notice that v = u in \ so up to extending v outside ^ 2 , we can write 


(5.46) 


V = u in \ ^i. (5-4:7) 

We also set 

F:=E\A. (5.48) 

We notice that 

v{x, 0) ^ 0 a.e. x £ F, and v{x, 0) ^ 0 a.e. x G M” \ T. (5.49) 

Indeed, u ^ 0 due to Lemma 3.3 in [H], hence U ^ 0, in view of (EH). Therefore v ^ 0, thanks to Lemma 13.171 
As a consequence v{x, 0) ^ 0 in the trace sense. So it only remains to prove that v{x, 0) = 0 a.e. x G M” \ F. For 
this, notice that 

M*" \ F = R” \ (F; \ A) = (R” \ E) U A. 

So, if X G (i? 9 /io\F)uA, we have that v(x, 0) = 0 by definition of fractional replacement. Also, if x G (R"'\F 9 /io)\F, 

then (x,0) G R"'+^ \ due to (|3.1I) . and so, by ()5.47p . in this case we have i;(x,0) = U(x,0) = u(x) = 0, 

since x G R*^ \ F. This proves ()5.49p . 

Now we define ^ := and we observe that 

10 


^ n {z = 0} = B^ X {0} C Fi X {0}, 


due to (EH- From this, ()5.48p and (|5.49l) . we see that the assumptions of Lemma l2.II are satisfied (with r := 1): 
so we obtain that 


/ lzr\Vu\^dX + Per^(E,Bi) ^ / \zr\Vv\^ dX + Per^(F, Bi). 
Jo?/ Jo)/ 


Thus, using again ()5.47p . 



dX + Pero-(F, Bi ) 


^ [ |z|“|Vi}|2dX + Per,(F,Fi). 


(5.50) 


Now, by (|5.48p . 


Percr(F, Bi) - Per^(F, Bi) = Pero-(F \ A, Fi) - Pei^iE, Bi) 
= L(A,F\ A) -L(A,R"\F). 
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By inserting this information into (|5.50p and recalling (15.461) we obtain that 


L{A,R'^\E) - L{A,E\A) ^ [ \z\'^\Vv\‘^ dX - [ \z\'^\Vu\‘^ dX 

Jgsi JsS\ 


On the other hand, u vanishes on (Bg/io \E) x {0}, thus, by the minimality of we have that 

^ ^{u)- 

Using this inequality into (I5.5ip and recalling Theorem 14.11 we obtain 

L{A, M-\E)-LiA,E\A) ^ <^i^Uno\E)uA) - 

^ O' |T| 

From Lemma 15.21 we have a uniform bound on ||m||j;^oo(^j). This and ()5.52p give 

L{A,R^\E) - L{A,E\A) < C|^|. 


(5.51) 


(5.52) 


Then, the argument in [ 6 ] can be repeated verbatim (see in particular from the first formula in display after (3.2) 
to the fifth line below (3.4)) and one obtains that U 1/4 = 0. This contradicts the fact that 0 G dE and so it 
completes the proof of Lemma 15.31 □ 

By putting together Lemmata 15.11 and 15.31 we obtain; 

Corollary 5.4. Assume that {u,E) is minimizing in Bi, with 0 a.e. in M" \ Bi and 0 G dE. Suppose that 



\u{y)\ 

1 + |y|’^+2^ 


dy ^ A, 


for some A > 0 . 

Then, there exist 6, K > 0, possibly depending on n, s and a such that 

min||Bi/2 \ E\, \Bi/2 n .F|| ^6 


(5.53) 


and 

II^IIl°°(Bi/ 2 ) ^ (5.54) 

We remark that the quantity K appearing in p5.54l) does not depend on A. This fact will allow us to rescale 
the picture and deduce from (j5.54p a universal growth from the free boundary, as stated in the following result: 


Corollary 5.5. Assume that {u,E) is minimizing in Bq, with 0 a.e. in M" \ Bq and 0 G dE. Suppose that 



W{y)\ 

1 + 


dy ^ A, 


for some A > 0 . 

Also, for any x ^ Bit~\E, we define d{x) := dist(x, dE) to be the distance of a point x from the free boundary. 
Then, there exists K > 0, possibly depending on n, s and a such that 


u{x)\ ^ K{d{x)y 2 


for any x G Bi Ci E. 


(5.55) 


Furthermore, 


u{x)\ ^ K\x\^ 2 


for any x ^ Bir\ E. 


(5.56) 
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Proof. We fix xo G -Bi nand we set tq := d{xo). Let also po G dECidBr^^^xo) be such that vq = d{xo) = |xo —Pol- 
Notice that tq ^ 1, since 0 G dE, and so |po| ^ 2. 

Now, we define 

--S 1 

Uro{x):=r^ u{rox + po) and Er^ ■.= — {E - po), (5.57) 

^0 


and we observe that 
if X G B 4 then 


{ur^jEro) is a minimizing pair in Bg/rg(po/^'o)- Also, notice that B 4 C B^irgipo/ro). Indeed, 



, , IpoI ,242 

^ X H-^ 4: H-^-1-— 

ro ro ro po 


6 

’’o’ 


and so X G B 6 /j,o(Po/’’o)- Therefore, we can say that {urQ,ErQ) is a minimizing pair in B 4 . Moreover, by construc¬ 
tion, 0 G dEr^^. Furthermore, we see that 


f - 


Wro{y)\ f \<y)\ 

+ y 0 ^n+2s 


dy ^ Aj.q , 


’’0 + 

for some A^g > 0 depending on ro. So we can apply Corollary 15.41 to (uro,Brg) obtaining that 

lkr-ollL°°(B2) ^ 


(5.58) 


for some K that depends only on n, s and a. 

Now we set u := , and we observe that a; G B 2 (and so —u G B 2 ). Therefore, from this and (I5.58P we get 

|’Xro(-w)l ^ dC. 


On the other hand, recalling (|5.57l) . 

-—s -—s 

Uroi-Ui) = u{-roU}+po) = rf u{xo). 

The last two formulas imply that 

|u(xo)| ^ Axq 2 = K{d{xo)y~^, 

which shows (15.551) . 

Finally, (I5.56P follows from (I5.55P and the fact that 0 G BE. This concludes the proof of Corollary 15.51 □ 


5.3 Completion of the proof of Theorem 11.11 

In order to end the proof of Theorem ll.il we recall a Holder continuity property for nonlocal solutions: 

Lemma 5.6. Assume that {—A)^u = 0 in Bi, with u G L°°{Bi). Then u G C^{Bii 2 ) and 

McAb,/2) ^ C (||n||ioo(s,) , 

for some C > 0 . 

Proof. First of all, by Theorem 2.6 of [ 8 ], we know that u G C°‘{Bq/iq). Then we can apply Theorem 2.7 of [ 8 ] 
(say, in B 3 / 4 ) and obtain the desired result. □ 

Now we provide a rescaled version of Lemma 15.61 

Corollary 5.7. Assume that (—A)^u = 0 in Bt{q), for some t > 0 and q G M”, with u G L°^{Bt{q)). Then 
u G C^{Bt/ 2 {Q)) and 

||Vu||iOO(B^/^(,)) ^ Ct-^ ^|k||L°°(BPg)) ’ 

for some C > 0. 
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Proof. For any x G Bi, we define v{x) := u{tx + q). Notice that, by construction, {—A)^v = 0 in Bi, and 
V G L°°{Bi). Hence, we are in position to apply Lemma EH] to the function v, obtaining that v G C^{Bi/ 2 ) and 

^ C ^ ^ |l|n+2s 

for some C > 0. Now we observe that 


II^IIl°°(Bi) = ll“llL°°(St(g)) and ||Vn||£,oo( 5 ^^ 2 ) = ^l|V^llL°°(Bt/ 2 (g))- 

Moreover, using the change of variable y = tx + q, 

\v{x)\ 


I 

Jw 


1 + |xh+ 2 * 


dx = 


I 

Jw 


\u{tx + g')! 
1 + 


dx 


= t 


2s 


I 


\uiy)\ 


We observe that 


j.2s 


^n+2s _ g|n+2s 


dy. 


f l^(y)l 7 2sii f 


up to renaming C. Also, 


/ 


l«(y)l 


ns*(g) + |y - g|-+2* 
Using this and (I5.62p into (|5.61l) we obtain that 

|n(x)| 


dy ^ 


\uiy)\ 


I 

Jw 


■dx ^ (711^11^00(5^(9)) / 

Jk 


\B,ig) |y-gh+2s 

Wiy)\ 


dy. 




\y-Q\ 


n-\-2s 


dy. 


1 + |x|’^+ 2 * 

Plugging this and (I5.60p into ()5.59p we get the desired result. 

Now we can complete the proof of Theorem 11.11 
Proof of Theorem \l.l[ We define, for any r > 0, 

Ur(x) := r 2 ~^u{rx) and := -E 

r 

and we apply Corollary 15.41 to the minimizing pair (ur,Er), with r G (0,1/2]. For this, notice that 

\uiy)\ 


1 


/ - 
/r" 1 


St*-.-/, 


j.n-\-2s _|_ |y|nH-2s 


^ -^r; 


for some A,. > 0 depending on r. Then, (II.3p follows from (|5.53p . Also, ()1.4I) is a consequence of ()5.54p . 
Now we prove (Usp. For this, since Theorem 11.11 deals with interior estimates, we may suppose that 

the minimizing property of {u,E) holds in H 72 instead of Bi. 

Now we assume that s > it/ 2 and we fix x, y G Bi/ 2 - We claim that 

\u{x) - u{y)\ ^ (7|x - 

Let p := {x + y)/2 and r := |x — y|. Notice that we may suppose that 


(5.60) 


(5.61) 


(5.62) 


□ 


(5.63) 


(5.64) 


(5.65) 


r ^ 


100 ’ 


(5.66) 
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otherwise the fact that \u{x) — u{y)\ ^ would give (|5.65l) . Then, there are three possibilities: 


B^rip) \ E = 0, 


(5.67) 

B^r{p) \ E Y ^ 

and u{x) = u{y) = 0, 

(5.68) 

B^rip) \ E Y 0 

and either u{x) > 0 or u{y) > 0. 

(5.69) 


If (j5.68p holds true then (j5.65p is obvious, therefore we consider only the possibilities (15.671] and (j5.69p . 

If (j5.67p holds, we consider i? > 0 such that d{p) = R, where we recall that d{x) = dist(x,cl£') denotes the 
distance of x from dE. By (j5.67p . we have that 5r < R < 2. 

Also, we have that 

Bioip) C Bi2 , (5.70) 

indeed if x E Biq{p) then 

|x| ^ |x — p| + IpI < 10 + 2 = 12, 

and so X E Bi 2 . This proves (I5.70p . Therefore, recalling (15.641) and using Corollary 15.41 we see that 


|tt(x)| ^ K{d{x)Y 2 ^ for any x E Biq{p). 

Also, if X E Bji{p), 

d{x) ^ |x — p| + d{p) ^ R + R = 2R, 
therefore, from (I5.7ip (recall that R < 2), we obtain that 

|u(x)| ^ KR^~^, for any x E Bji{p), 


(5.71) 


(5.72) 


up to renaming K. 

Now we use Lemma 2.3 in m and we obtain that (—A)®u = 0 in Bji/ 2 ip)- Moreover, from Corollary 15.41 and 
recalling ()5.64p and (j5.70p . we have that ^ ™ position to apply Corollary 15.71 fwith 

t := R/2 and q '■ = p), thus obtaining that 




|u(x)| 




dx 


We notice that, by (j5.72p . 
Moreover, 


/ 

4R’ 

/ 

4R’ 


\Bnf2ip) 

|m(x)| 


W\\l^(Br/2{p)) ^ b:r^ 2. 

2s 

/ 

Jb, 


(5.73) 

(5.74) 


dx + 


|u(x)| 


(5.75) 


\Bio(p) 1^ p|’^+2s J Bio{p)\Bji/ 2 {p) 1^ p|’^+2« 


dx. 


Now we observe that, if x E M"’ \ Biq{p), then 10 < |x — p| ^ |x| + \p\ ^ |x| + 2, and so |x| > 8. Hence, 


, , ,1 3, , 1, , 3, , 

X — p ^ X — 2 = - X + - X — 2 ^ - X + 2 — 2 = 

I ii II 4 4 4 



Therefore, 


Furthermore, using (I5.7ip . 


Jk.'^\Bio{p) \x - pY~^ ^ Jk.^\Bio{p) ^ 

we obtain that, if x E Biq{p) \ Bjij 2 {p), then 


dx ^ C A. 


(5.76) 


u(x)| ^ Ar((i(x))® ^ ^ K {\x — p\ + d{p)y ‘^ = K {\x — p\ + RY 2 , 


36 




































As a consequence, 


L 


\u{x)\ 


■ dx < K 


\x-p\+RY 2 


^^lo(p)\-Bfl/2(p) I® p|’^+2s JBio{p)\Bn/2{p) pI’T’+Ss 

So, by making the change of variable y = {x — p)/R, we obtain 


dx. 


L 


|tt(x)| 


Blo{p)\Bii/2(p) 1^ p|»^+2« 

Jm 


dx ^ K 


{R\y\ + Ry 


for some C > 0. This information, (j5.76j) and (j5.75j) give 

|u(x)| 


^ dy iCK 


-R" dy 


I 

JR' 


dx ^ CA + CKR ^-2 


s-^-2s 


ABr/2(p) 

Plugging this and (I5.74p into (|5.73l) . we conclude that 

\Ml^{b^/M) ^ {kR^-^ + CAR^^ + CK^ CR^-i-\ 

up to relabelling C (recall that R < 2). 

From (j5.77p we obtain that, for any a, b G Br/Yp), 


(5.77) 


\u{a) — u{b)\ ^ C R^ 2 i|o_ 5 |. 


Since R > 5r, we have that x, y G Bj^iYp), and so 

|u(x) — u{y)\ ^ C R^~ 2 ~^\x — y\ 

= ^ C\x - 7/1 *-?, 

where C may change from step to step. This says that (j5.65l) holds true in this case. 

Now let us suppose that (|5.69l) holds true. Then there exist z G B^^ip) \ E and p G {x, y} such that u{p) > 0. 
In particular p G E and so there exists C on the segment joining p and z such that C £ dE. Notice that, since the 
ball is convex, we have that C G B^r{p)- 

Hence, we have the following picture: C £ dE, x and y lie in B^^ip) and Bi{Q C B 2 (where the minimization 
property holds, recall (j5.64|) and (|5.66l) l. 

Thus, with a slight abuse of notation, we suppose, up to a translation, that C = 0- So our picture becomes 
that 0 G dE, X and y lie in Hior, with our minimizing property in Bi. 

So we consider the minimizing pair {ur,Er) as in (I5.63p . which is minimizing in Bi^^. D B^q (recall (|5.66p l. In 
this way, we apply formula (15.5411 . thus obtaining 


Notice that r ^x, r ^y G Biq C B 25 , hence 


'ar||Lo°(_B25) ^ R- 


Ur{r ^x)| + \ur{r ^y)\ ^ 2K. 


So we obtain 


\u{x) — u{y)\ = ‘^\ur{r ^x)—Ur{r ^7/)| 

^ 2Kr^-i =2A:|x-7/|*-?. 

This proves (|5.65p , which in turn implies (jl.5p , thus completing the proof of Theorem 11.11 


□ 
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We complete this paper with a brief comment about the two-phase case (i.e. when the function u in Theorem ll.il 
is not assumed to be nonnegative to start with). The additional difficulties in this setting arise since the fractional 
harmonic replacements do not behave nicely with respect to the operation of taking the positive part, namely 
the positive part of the harmonic replacement is not necessarily harmonic in its positive set. As an example, 
considering the fractional harmonic replacement introduced in m, one can consider the fractional harmonic 
function u{x) := — 1 in (0,-|-oo), with fixed boundary data in (—oo,0) U (l,-|-oo); similarly, in the case of the 

fractional harmonic replacement introduced here in Section [3l one can consider the case s = 1/2 and the harmonic 
function on given hy u{x,y) = xy. 

This difficulty arising at the level of the fractional replacements in the two-phase problem reflects also into the 
proof of the density estimates here (precisely in the computations below ()5.14p and (I5.46h i. 

For these reasons, we believe that the investigation of density estimates and continuity properties for two-phase 
fractional minimizers is an interesting open problem. 
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